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1. INTRODUCTION

The notion of bipolar-valued fuzzy set is introduced by Lee [9] as an extension
of fuzzy set, and then this notion is applied to BCK/BC1I-algebras, CI-algebras,
semigroups, Lie algebras and hyper BC K-algebras etc. (see [1], [3], [1], [5], [6], [7],
[8], [13], [14]). The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which
is mentioned in [12], played an important role to generate some different types of
fuzzy notions in several algebraic structures.

In this paper, as a generalization of fuzzy points and quasi-coincidence in fuzzy
sets, we introduce the notion of bipolar-valued fuzzy point and bipolar quasi-coinci-
dence in bipolar-valued fuzzy sets. Based on these notions, we introduce the concept
of bipolar-valued fuzzy subalgebra of type (2,0) where 2 and © are any two of
{€,0,eVvQ, enQ} with Q # €AQ, and investigate related properties. We provide
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conditions for the negative and positive O-supports to be subalgebras. We discuss a
characterization of a bipolar-valued fuzzy subalgebra of type (€, €V Q). We consider
conditions for a bipolar-valued fuzzy set to be a bipolar-valued fuzzy subalgebra of
type (Q, €V Q). Using a a bipolar-valued fuzzy subalgebra of type (€, €V Q), we
make a a bipolar-valued fuzzy subalgebra.

2. PRELIMINARIES

Let K(7) be the class of all algebras with type 7 = (2,0). By a BCI-algebra we
mean a system X := (X, *,0) € K(7) in which the following axioms hold:

() ((zxy)* (zx2))* (zxy) =0,
(i) (zx (z*y))*+y =0,
(i) 2z =0,
(iv) zxy=y*xx=0 = =y,
for all x,y,z € X. If a BCI-algebra X satisfies 0 x z = 0, for all x € X, then we say
that X is a BCK-algebra. We can define a partial ordering < by

(Ve,ye X)(z <y < xxy=0).
In a BCK/BCl-algebra X, the following hold:

(al) (Vz € X) (%0 =x),

(a2) (Vz,y,z€ X) ((z*xy)*z=(x*2)*xy),
for all z,y,z € X.

A non-empty subset S of a BCK/BClI-algebra X is called a subalgebra of X, if
xzxy € § for all x,y € S. For our convenience, the empty set @ is regarded as a
subalgebra of X.

We refer the reader to the books [2] and [11] for further information regarding
BCK/BCl-algebras.

Let X be the universe of discourse. A bipolar-valued fuzzy set f = (X; f, fp) in
X is an object having the form

f=AG, fu(@), fp(2)) | 2 € X},

where f, : X — [-1,0] and f, : X — [0,1] are mappings. The positive member-
ship degree f,(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set

f=A, fu(@), fo(2)) | 2 € X},

and the negative membership degree f,(x) denotes the satisfaction degree of z to
some implicit counter-property of f = {(x, fn(x), fp(z)) | € X}. If f,(z) # 0 and
fn(x) = 0, it is the situation that x is regarded as having only positive satisfaction
for f = {(z, fo(x), fp(x)) | ¢ € X} If fp(xz) =0 and f,(z) # 0, it is the situation
that « does not satisfy the property of f = {(z, fn(x), fp(z)) | € X} but somewhat
satisfies the counter-property of f = {(x, fu(z), fp(z)) | * € X}. It is possible for
an element x to be f,(z) # 0 and f,,(z) # 0 when the membership function of the
property overlaps that of its counter-property over some portion of the domain (see
[10]). For the sake of simplicity, we shall use the symbol f = (X; f,, f,) for the
bipolar-valued fuzzy set f = {(z, fn(2), fp(2)) | z € X}. Bipolar-valued fuzzy sets
894
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and intuitionistic fuzzy sets look similar each other. However, they are different each
other (see [10]).

3. BIPOLAR-VALUED FUZZY SUBALGEBRAS

In what follows, let X be a BCK/BCI-algebra unless otherwise specified.
A bipolar-valued fuzzy set f = (X; fn, fp) can be represented as more wide ver-
sion:

(3.1) fr XXX = [=1L0]x [0,1], (z,9) = (fa(2), fo(y)).
If we take x = gy in (3.1), then it can be written as follows:
(32) f X = [_170] X [07 1]7 x = (fn(x)afp(m))

which is originally defined bipolar-valued fuzzy set.
For any (a,b), (z,y) € X x X, we use the notation (a,b) # (z,y), if @ # x and
b#y.

Definition 3.1 ([7]). A bipolar-valued fuzzy set f = (X; f,, fp) is called a bipolar-
valued fuzzy subalgebra of X, if it satisfies:

fu(z*y) <max{fn(z), fn(y)},

(3.3) fo(z *y) > min{f,(2), f,(y)},

for all z,y € X.

Given a point (a,b) € X x X, the bipolar-valued fuzzy set f = (X; f,, fp) defined
by
(o, B) it (z,y) = (a,b),
z,y) = .
e ={ 60 it () 7 (o)
where (a, 3) € [—1,0) x (0,1] is called a bipolar-valued fuzzy point with support
(a,b) and value («,3), and is denoted by {((a,b); (a, 8)). Also denote by a, and
(b, ) we mean an N-point and a fuzzy point, respectively. Note that a bipolar-
valued fuzzy point ((a,b); (o, 3)) contains an N-point a, and a fuzzy point (b, 3)
simultaneously.
Given a bipolar-valued fuzzy set f = (X; fn, fp), we say that a bipolar-valued
fuzzy point ((a, b); (a, 8)) is contained in f := (X, f,, fp), denoted by ((a, b); (o, B)) €
(X7 fnafp)? lf Qe = fTL a‘nd (baﬂ) € fp7 tha't iS,

(3.4) fnla) <a, and f,(b) > B.
a,

We say that a bipolar-valued fuzzy point {(a, b); (a, 8)) is bipolar quasi-coincident

a
with f := (X, fy, fp), denoted by ((a, b); (v, B)) Q (X, fu, fp), if aaofy and (b, B) q f,
that is,

(3.5) fola)+a+1<0 and f,(b) + 5 > 1.
If {(a,b); (o, B)) € (X, fu, fp) or {(a,b); (o, B)) Q (X, fu, fp), we denote it by

{(a,0); (@, B)) €V Q(X, f, fp)-
895
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Definition 3.2. A bipolar-valued fuzzy set f = (X; f,, fp) is called a bipolar-valued
fuzzy subalgebra of type (2, ©) if whenever

<(x7y); (a1,51)>Q(X, fnvfp) and <(a7b);(a27ﬁ2)>Q(X7 fmfp)v
then ((z*a,y *b); (max{oy,as}, min{B1, B2})) O(X, fn, fp), for all (z,y),(a,b) €

X x X and (a1, 1), (a9, 82) € [-1,0) x (0,1], where 2,0 € {€, Q,eV Q,ENQ}
with Q £ A Q.

Given a bipolar-valued fuzzy set f = (X; f,, fp), consider the sets
N(f;0) :={z € X | fu(x) <0},
P(f;0) :={z € X | fp(x) > 0}

which are called the negative 0-support and the positive 0-support, respectively, of
=X fn. fp)-

Theorem 3.3. If f = (X; fu, fp) is a bipolar-valued fuzzy subalgebra of type (€,
€) or (€, Q), then the negative and positive 0-supports of f = (X; fn, fp) are
subalgebras of X.

Proof. It f = (X; fn, fp) is zero, that is, f,(x) = 0 and f,(z) = 0, for all x € X,
then N(f;0) = @ and P(f;0) = @ which are subalgebras of X. Suppose that
f = (X; fn, fp) is nonzero, ie., fo(x) # 0 and fy(y) # 0, for all z,y € X. Assume
that f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (€, €). Let x,y €
N(f;0) and a,b € P(f;0), for z,y,a,b € X. Then f,(z) <0, fn(y) <0, fp(a) >0
and f,(b) > 0. Note that

((@,a); (fu(2), fp(a)) € (X; fn, fp) and ((y,0); (fu(y), fp(0)) € (X5 fu, fp)-

If folx xy) = 0 or fp(axb) = 0, then f,(z*y) = 0 > max{f,(z), fn(y)} or
fpla*b) =0 < min{f,(a), fp(b)}. Thus

(@ x y, ax b); (max{fn(2), fu(y)}, min{fp(a), fp(b)})) € (X fn, ),

which is a contradiction. So f,(z*y) <0 and f,(axb) >0, i.e.,, zxy € N(f;0) and
a*b € P(f;0). Hence the negative and positive O-supports of f = (X; f,, f,) are
subalgebras of X.

Now suppose that f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type
(€, Q). Let a,b € N(f;0) and z,y € P(f;0) for z,y,a,b € X. Then f,(a) < 0,
fn(b) <0, fp(z) >0and f,(y) > 0. If f(axb) =0 or fy(x*y) =0, then

fnaxb) + max{fn(a), fn(b)} + 1 = max{fu(a), fu(b)} +1 =0

(3.6)

or

fo(zxy) +min{f,(2), f,(y)} = min{f,(2), f(y)} < 1.
Thus
((a* b,z % y); (max{fu(a), fa (D)}, min{ fp(2), fo(¥)})) Q (X5 fu, fn),

which is a contradiction because

((a,2); (fula), fo(2)) € (X fn, ) 8?9% (b, 9); (fn(b), fo(y)) € (X5 frs fo)-
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So fo(a*b) < 0 and fp(x*xy) >0, ie, axb e N(f;0) and . *xy € P(f;0) for
all a,b,z,y € X. Hence the negative and positive O-supports of f = (X; f,, f,) are
subalgebras of X. O

Corollary 3.4. If f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (€, €)
or (€, Q), then the intersection of negative and positive 0-supports of f = (X; fn, fp)
is a subalgebra of X.

Theorem 3.5. If f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (Q, €),
then the negative and positive 0-supports of f = (X; fn, fp) are subalgebras of X.

Proof. Let xz,y € N(f;0) and a,b € P(f;0) for x,y,a,b € X. Then f,(z) < 0,
fa(y) <0, fp(a) > 0 and f,(b) > 0. It follows that

((@,a); (=1,1)) Q(X; fu, fp) and ((y,b); (=1,1)) Q(X; fu, fp)-

Since f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (Q, €), we have
((xy,axb); (=1,1)) € (X; fu, fp)- If fu(xxy)=0o0r fy(a*b) =0, then

fal@xy)=0>—1or fylaxb) =0< 1.

Thus

((x*y7a*b); (_171)>E(X§fn7fp)a

which is a contradiction. So f,,(z *y) < 0 and f,(a*b) > 0, that is, z xy € N(f;0)
and a xb € P(f;0) for all z,y,a,b € X. Consequently, the negative and positive
O-supports of f = (X; fn, fp) are subalgebras of X. O

Corollary 3.6. If f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (Q, €),
then the intersection of negative and positive 0-supports of f = (X; fu, fp) i a
subalgebra of X.

Theorem 3.7. If f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (Q, Q),
then f = (X; fn, fp) is constant on the negative and positive 0-supports of f =
(X5 fns fp), that is, fn, and f, are constant on negative 0-support of f = (X; fn, fp)
and positive 0-support of f = (X; fu, fp), respectively.

Proof. Assume that f,, is not constant on the negative O-support of f = (X; fn, fp)-
Then there exists y € N(f;0) such that oy, = f,(y) # fn(0) = . Thus either
ay < Qg Or Oy > Q.

Suppose that oy > o and take a1, a2 € [—1,0) such that ap < -1 —ay < a1 <
—1—ag. Then f,(0)+a1+1=ap+a1+1 <0and f,(y)+as+1 =0y, +az+1<0.
Thus 04, 0fn and ya,0fn. Since

fa(y*0) +max{ai,as}+1=fo(y) +ar+1=0ay+a1 +1>0,

we have (y * O)max{al,ag}@frr
Next suppose that o, < op. Then

@)+ (-1—ap)+1=a,—ap<0.
897
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Thus y_1_qa, 0fn- Since
falyxy) + (=1 —a0) +1= fa(0) —ao = a0 —ag =0,
we get (Y *Y)max{—1—ao,~1—ao}@fn- This is a contradiction. So f,, is constant on the
negative 0-support of f = (X; fn, fp)-
Suppose that f, is not constant on the positive 0-support of f = (X; fu, fp).

Then there exists b € X such that 8, = f,(b) # f,(0) = Bo. For the case 8, < Sy, if
we choose 1, B2 € (0,1] such that 1 — Sy < 81 < 1 — By < B2, then

fp(0) + B1 = Bo + p1 > 1 and f,(b) + B2 = By + f2 > 1,
ie, (0,51) q fp and (b, B2) q fp. Since
fp(b*0) +min{By, B2} = f,(b) + B1 = By + B1 < 1,
it follows that (b * 0, min{f1, 82}) ¢ fp, which is a contradiction. If 8, > By, then
fp(d) + (1 —Bo) =06+ 1— 5o >1. Thus (b1 — Fy)qf. Since
fo(bxb)+ (1= Bo) = fp(0)+1—Bo=Bo+1—Fo=1,
we have (bxb, min{1— f8y,1— Bo})q fp- This is a contradiction. So f, is constant on

the positive 0-support of f = (X; fy, fp). Consequently, f = (X; fn, fp) is constant
on the negative and positive O-supports of f = (X; f, fp)- O

Theorem 3.8. A bipolar-valued fuzzy set f = (X; fn, fp) is a bipolar-valued fuzzy
subalgebra of type (€, €V Q) if and only if the following conditions are valid.

fn(@xy) < max{fn(z), fn(y), —0.5}

fo(z *y) = min{f,(2), fp(y),0.5}

Proof. Suppose that f = (X; fy, fp) is a bipolar-valued fuzzy subalgebra of type (€,

€V Q). For any z,y € X, assume that max{f,(x), fo(y)} > —0.5. If f,(axb) >

max{ fn(a), frn(b)} for some a,b € X, then there exists a € [—1,0) such that
fulaxb) > a > max{f,(a), fn(b)}.

Thus aq 3 fn and by 3 fr, but (a*b)max{a,a}> Vofa, a contradiction. So f(rxy) <
max{ fn(z), fn(y)}, whenever max{ f,(x), fn(y)} > —0.5, for all z,y € X.

Now suppose that max{f,(z), fn(y)} < —0.5. Then x_g5 3 f, and y_o5 > fn
which imply that (2 * ¥)max{—0.5,—0.5y 2 Vo fu. Thus f,(z *y) < —0.5. Otherwise,

falrxy)—05+1>-05-05+1=0,ie., (x*xy)_050fn

This is a contradiction. Consequently, f,(x *y) < max{f,(z), fn(y),—0.5}, for
all z,y € X. If min{f,(x), fp(y)} < 0.5, then f,(z *y) > min{f,(z), fp(y)}. For,

suppose that f,(z *y) < min{fy(z), fp(y)} £ B. Then (z,8) € fp and (y, 8) € fp,
but (z xy, 8) = (x xy,min{s, 8}) €Vq fp, a contradiction. Thus

fola +y) > min{f,(x), f,(y)}, whenever min{f,(z), f,(y)} < 0.5

Now assume that

(3.7) (Vx,y € X) (

min{f,(2), f,(y)} > 0.5
Then (z,0.5) € f, and (y,0.5) € fp, which imply that

(x *xy,0.5) = (z * y, min{0.5,0.5}) €V qfp.
898
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Thus fp(x *y) > 0.5. Otherwise, f,(z *y)+ 0.5 < 0.5+ 0.5 = 1, a contradiction.
So, fp(x *y) > min{f,(x), fp(y),0.5}, for all x,y € X. Hence (3.7) is valid.
Conversely, let f = (X; fn, fp) be a bipolar-valued fuzzy set satisfying the con-
dition (3.7). Let z,y € X and a1,a2 € [—1,0) be such that z,, > f, and
Yoy 2 fno I fu(z *y) < max{ay,az}, then (2 * ¥)max{a,,as) 2 fn- Suppose that
fu(x xy) > max{ay, az}. Then max{f,(z), fn(y)} < —0.5. Otherwise, we have

fu(@ xy) < max{fy(x), fa(y), —0.5} = max{f,(z), fn(y)} < max{as,az},
a contradiction. It follows that
falxxy) + max{aq, a0} +1 < 2fp(z*xy) +1
< 2max{f,(z), fn(y), —0.5} + 1 =0.
Thus (1: * y)max{ahaz}gfn- SO, (Q? * y)max{al,ag} 9\/an.
Let a,b € X and f1, B2 € (0,1] be such that (a, 1) € f, and (b, B2) € fp. Then
fp(a) > 1 and f,(b) > Ba. If fp(a+b) < min{Bi, B2}, then min{fy(a), fp(b)} > 0.5.
Otherwise, we get

fplaxb) > min{fy(a), fo(b),0.5} > min{f,(a), f,(b)} > min{p1, B2},
which is a contradiction. Thus
fpla*b) + min{B, B2} > 2fp(a*b) > 2min{ f,(a), fp(b),0.5} = 1.
So (a * b,min{f1, B2}) ¢ fp. Hence, f = (X; fn, fp) is a bipolar-valued fuzzy subal-
gebra of type (€, €V Q). O

We provide conditions for a bipolar-valued fuzzy set to be a bipolar-valued fuzzy
subalgebra of type (Q, €V Q).

Theorem 3.9. Let A be a subalgebra of X and let f = (X fn, fp) be a bipolar-valued
fuzzy set such that
€A = fulx) <-0.5, > 0.5,
. wex( ful) fo(@)
¢ A = folz)=0, fp()=0

Then f = (X; fn, fp) is a bipolar-valued fuzzy subalgebra of type (Q, €V Q).
Proof. Let x,y,a,b € X and (aq, 51), (ae, f2) € [—1,0) x (0, 1] be such that
((z,9); (a1, 1)) (X, fn, fp) and ((a,b); (a2, B2)) Q (X, fn, fp)-
Then za,0fn, (4, 1) ¢ fp; Gas0fn and (b, B2) q fy, 1.e.,
fal@)+ a1 +1<0, fo(y) + 51 > 1, fula) + a2 +1 <0 and fp(b) + B2 > 1.

Ifz ¢ Aora¢ A, then f,(x) =0 or fr(a) =0. Thusay +1 < 0or az+1 < 0.
This is impossible, and so x € A and a € A. Since A is a subalgebra of X, it follows
that z x a € A. Also, we get y *b € A because if it is impossible, then y ¢ A or
b¢ A. Thus f,(y) =0 or f,(b) =0, which imply that 8; > 1 or f> > 1. Thisis a
contradiction. If max{aq,as} < —0.5, then f,(z * a) + max{ai, a2} +1 < 0, ie.,
(T % @) max{a,as} 0fn- If max{ai,as} > —0.5, then f,(z*a) < 0.5 < max{ai,as},
ie., (T * a)max{a;,as} 2 fn. Thus

(x * a)max{al,az} 9van~
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Also, if min{f, B2} > 0.5, then f,(y * b) + min{S1, B2} > 1. So

(y * b,min{B1, B2}) q fp-
If min{B1, B2} < 0.5, then f,(y *b) > 0.5 > min{f, B2}, ie.,

(y * b, min{pB1, B2}) € fp.
Hence (y * b,min{f1, 82}) €V qf,. Therefore

(% x a,y * b); (max{ar, az}, min{B1, B2})) €V Q (X; fu, fn),

and consequently f = (X; f,, fp) is a bipolar-valued fuzzy subalgebra of type (Q,
€V Q). O

Theorem 3.10. Let f = (X; fn, fp) be a bipolar-valued fuzzy subalgebra of type (Q,
€V Q). If f = (X; fu, fp) is nonconstant on the negative and positive 0-supports of
f=(X; fn, fp), then fn(x) < =0.5 and fp(x) > 0.5 for some x € X. In particular,
fn(0) < —=0.5 and f,(0) > 0.5.

Proof. Assume that f,(z) > —0.5, for all z € X. Since f,, is not constant on the
negative O-support of f = (X; fn, fp), there exists x € N(f;0) such that a, =
fn(x) # f1(0) = ap. Then either g < a; or g > . For the case ag < «, choose
r < —0.5 such that ag+7r+1 <0 < ap+7r+1. Then 0,.0f,. Since z_10f,, it follows
that 2, = (2 * 0)max{r,—1} 2 Vofn. But, fn(z) > —0.5 > r implies that x> f, Also,
folx)+r+1=a, +r+1>0 implies that z,0f,. This is a contradiction.

Now, if ag > «a, then we can take r < —0.5 such that a, +7r+1 < 0 <
ag + 7+ 1. Then z,0f,, and f,(z xx) = f,(0) = ap > r = max{r,r} induces that
(T * &) max{r,r} >.fn. Since

falzxx)+max{r,r}+1=f,(0)+r+1=ap+r+1>0,
(% * T) max{r,r} 0fn- Thus(x * &) max(rr} 3 VO fn, which is a contradiction. So f,(z) <
—0.5 for some z € X.

Now, assume that f,(x) < 0.5, for all z € X. Since f, is not constant on
the positive 0-support of f = (X; f,,, fp), there exists a € P(f;0) such that 3, =
fp(a) # f,(0) £ By. For the case By < fa, choose § > 0.5 such that 8y + 4§ <
1 < Bq+ 9. It follows that (a,0) q fp, fr(a*a) = f,(0) = Bp < 6 = min{d,d} and
fplaxa)+min{d, 6} = f,(0)+J = Bo+J < 1 so that (a*a, min{d,d}) €Vyq fp. This
is a contradiction. If By > B,, we can take § > 0.5 such that g, +6 <1 < By + 9.
Then (0,6) q f, and (a, 1) q fp, but

(a*0,min{1,0}) = (a,0) €EVyq fp
since fp(a) < 0.5 <6 and fp(a)+6 = B, +6 < 1. This is a contradiction, and hence
fp(x) > 0.5 for some € X. We now prove that f,(0) < —0.5 and f,(0) > 0.5.
Assume that f,,(0) £ ap > —0.5 or £,(0) £ By < 0.5. Note that there exist z,a € X
such that f,(z) £ o, < —0.5 and f,(a) £ B, > 0.5. It follows that o, < ag and
Bo < Ba- Choose (aq, 1) € [-1,0) x (0,1] such that
a1 <ag and a+a1+1<0<ag+a;+1

and

B1>Po and fo+ 51 <1< Bq+ B
900
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Then fp(z)+a1+1=a;+a1+1<0and fp(a)+ 1 = Pa+ 51 > 1. Thus x4, 0fn
or (a, 81) q fp, i-e., {(z,a); (o1, 81)) Q(X; fu, fp). Now we have

falzxx)+max{o, a1} +1=f,(0)+ar+1=ar+a;+1>0

and
folaxa)+min{Bi, 51} = f,(0) + 1 = Bo + 1 < 1.
Also, we get
falz*xz) = f,(0) = ag > oy = max{aq,aq}
and

fp(a * a) = fp(o) =py < 1= min{ﬁl;ﬂl}
S0 (% * ) max{ai,a,} 2 VO [n and (a * a, min{B1, B1}) €V q f,. Hence
((z*z,a*a); (max{aq, a1 }, min{B1, 51})) €V O (X; fn, fp)-

This is a contradiction. Therefore f,,(0) < —0.5 and f,(0) > 0.5. O
Theorem 3.11. Given a bipolar-valued fuzzy set f = (X fn, fp), let f* = (X; fr, f5)
be a bipolar-valued fuzzy set in which fy(z) = max{f,(z),—0.5} and f;(z) =
min{ f,(x),0.5}, for all x € X. If f = (X; fn, fp) s a bipolar-valued fuzzy sub-
algebra of X of type (€, € VQ), then f* = (X; fi, f;) is a bipolar-valued fuzzy
subalgebra of X.

Proof. Let f = (X; fn, fp) be a bipolar-valued fuzzy subalgebra of X of type (€,
€V Q). For any z,y € X, we have

fo(z xy) = max{fn,(x *xy),—0.5}
) fnly), 0.5}, -0.5}
= max{max{ f,(z), —0.5}, max{ f,(y), —0.5}}
= max{f, (), f;(y)}

)
< max{max{ f,(z
(

and
fp (@ xy) = min{f,(z *y),0.5}
> min{min{f, (), f,(y),0.5},0.5}
= min{min{ f,(z), 0.5}, min{ f,(y),0.5}}
= min{f, (z), f; (¥)}.
Then f* = (X; fy, f;) is a bipolar-valued fuzzy subalgebra of X. O
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